A k × n Latin rectangle on the symbols {1, 2, . . . , n} is called reduced if the first row is (1, 2, . . . , n) and the first column is (1, 2, . . . , k)
Introduction
For 1 ≤ k ≤ n, a k × n Latin rectangle is a k × n array L = (l ij ) of n symbols such that each symbol occurs exactly once in each row and at most once in each column. We will usually take the symbol set to be [n] = {1, 2, . . . , n} to match the column indices, while the rows will be indexed by [k] . If k = n then L is called a Latin square. A Latin rectangle on the symbols [n] is called normalised if the first row is (1, 2, . . . , n), and reduced if the first row is (1, 2, . . . , n) and the first column is (1, 2, . . . , k)
T . If the symbol set is not [n] , but does have a total order on it, then "reduced" and "normalised" can be defined analogously.
Let N denote the set of positive integers. In this paper, Latin rectangles will usually have dimensions k × n where k, n ∈ N and k ≤ n. When n is known to be prime, p will be used instead. We will frequently use m = n/2 . Let L k,n denote the number of k × n Latin rectangles, K k,n denote the number of normalised k × n Latin rectangles and R k,n denote the number of reduced k × n Latin rectangles, with the symbol set in each case understood to be [n] . In the case of Latin squares, the numbers L n,n , K n,n and R n,n will be denoted L n , K n and R n respectively. The three numbers L k,n , K k,n and R k,n are related by L k,n = n!K k,n = n!(n − 1)! (n − k)! R k,n .
The enumeration of R n has a history stretching back to Euler [11] and a good summary is provided by McKay, Meynert and Myrvold [26] . In some instances enumerations were performed incompletely or incorrectly. The congruences proved in this paper should provide a useful tool for identifying such mistakes in the future.
General formulae for L n have been found by MacMahon [25] (a modern proof can be found in [37] ), Jucys [20] , Light Jr. [24] , Nechvatal [30, 31] , Gessel [15] , Shao and Wei [36] , Fu [13] , Denés and Mullen [6] and in [28] , however they are all impractical for enumeration purposes. McKay and Rogoyski [27] provided estimates for L n for 11 ≤ n ≤ 15, which for n = 11 was accurate to three significant figures.
Godsil and McKay [16] found the asymptotic value of L k,n as n → ∞ with k = o(n 6/7 ). For a history of earlier asymptotic enumerations also see [16] . The number, D n , of derangements (permutations without fixed points) of [n] is related to the number of 2 × n Latin rectangles by
The enumeration of L 3,n , the number of three-line Latin rectangles, has a long history. Recurrence formulae for L 3,n were shown by Jacob [19] (which is invalid for n ≥ 8), Kerewala [21] and Riordan [35] . Riordan [33, 34] established the link between three-line Latin rectangles and the famous problème de ménages. Dulmage [9] provided an explicit formula for L 3,n , which was later refined by Dulmage and McMaster [10] . Bogart and Longyear [4] provided a practical formula for K 3,n , which they used for n ≤ 11 exactly (with typographical errors: K 3,7 = 1073760, K 3,8 = 70299264) and approximately for n ≤ 20, accurate to 12 significant figures. Riordan [35] gave the credit to Yamamoto [38] for the equation
where i, j, k are non-negative integers. Gessel [14] provided a formula for K 3,n based on the cycle decomposition of the permutations defined by the second and third rows of a normalised three-line Latin rectangle. Kerawala [22] and Yamamoto [39, 40] studied the asymptotic value of L 3,n . Goulden and Jackson [17] gave a generating function for L 3,n . Riordan [35] gave the congruence R 3,n+p ≡ 2R 3,n (mod p) for all odd primes p, which was generalised by Carlitz [5] to R 3,n+t ≡ 2 t R 3,n (mod t) for all t ∈ N.
In Corollary 6 we generalise these congruences to rectangles with arbitrarily many rows. Light Jr. [23] and Athreya, Pranesachar and Singhi [2, 32] gave formulae for L 4,n , the number of four-line Latin rectangles. Gessel's [15] equation for general L k,n also provides a formula for L 4,n .
Drisko [7, 8] established congruences concerning the number of so-called even and odd Latin squares of order n = p + 1 and n = 2 r p, where p is an odd prime, hence proving the Alon-Tarsi Conjecture for these cases.
Attention in this paper will be primarily upon R k,n since any divisibility property of R k,n transfers to L k,n and K k,n by (1). Relatively few results have been published regarding divisibility properties of R k,n . After viewing a table of R n up to n = 9, Alter [1] (see also [18, 29] ) asked three interesting questions concerning the divisibility of R n . These questions remained unanswered for thirty years until [28] proved a special case of Theorem 2 below. This answered the first of Alter's questions by showing that an increasing power of 2 does divide R n , and the third question by showing that 3 divides R n for all n ≥ 6. In fact, they showed that for all t ∈ N the maximum power of t that divides R n increases at least linearly with n. Alter's second question, which asks for the largest power of 2 dividing R n , still remains open.
For any k × n Latin rectangle, L, an ordered triplet of permutations θ = (α, β, γ) will denote a mapping of L such that the rows of L are permuted according to α, the columns of L are permuted according to β and the symbols of L are permuted according to γ. For convenience, we will assume α is a permutation of [n] that fixes [k] setwise. The mapping θ is called an isotopism. If α = β = γ, then θ is said to be an isomorphism. Isomorphisms θ = (α, α, α) such that α(1) = 1 map reduced Latin squares to reduced Latin squares. By assuming that α fixes [k] setwise and α(1) = 1, we also ensure that θ maps reduced k × n Latin rectangles to reduced k × n Latin rectangles. The identity permutation will be denoted ε.
Let L 1 and L 2 be Latin rectangles. If there exists an isotopism, θ, such that θ(L 1 ) = L 2 then L 1 and L 2 are said to be isotopic. The set of all Latin rectangles isotopic to L is called the isotopy class of L. If θ(L) = L, then θ is said to be an autotopism of L. Any autotopism other than (ε, ε, ε) is nontrivial. If θ is an isomorphism and an autotopism of L then θ is said to be an automorphism of L.
If a submatrix, M , of L is also a Latin rectangle then M is called a subrectangle of L, and if M is a Latin square then M is called a subsquare of L. Lemma 1. Let L = (l ij ) be a Latin rectangle and let θ be an autotopism of L. If any two of row i, column j or symbol l ij are fixed by θ, then so is the other.
Lemma 1 is simple to prove and is used, for example, by McKay, Meynert and Myrvold [26] .
Proof Template
Many of the proofs in this paper follow the same basic strategy. We have some set of Latin rectangles C and wish to calculate |C| (mod µ) for some integer µ. Typically, C will be the set of reduced k × n Latin rectangles and we will often use L to denote an arbitrary Latin rectangle in C. We choose a group of isotopisms G that acts on
We identify a subset A ⊆ C such that:
• A contains every L ∈ C that admits a non-trivial autotopism in G.
• A is closed under the action of G.
• Members of A are characterised by some special structure, usually a subrectangle in a particular position.
With A satisfying these conditions, µ divides |C \ A| and hence |C| ≡ |A| (mod µ) and gcd µ, |A| divides |C|. We then either calculate |A| explicitly, evaluate |A| (mod µ) or find some divisor of |A|. We typically do this by defining an equivalence relation on A which utilises the special structure possessed by the elements of A.
Factorial Divisors
In this section we prove that certain factorials divide R k,n . Recall that m = n/2 .
Proof. This proof follows the template in Section 2. Let G be the group of isotopisms of the form θ = (ε, β, β) such that β fixes [n − k] pointwise. Let C be the set of reduced k × n Latin rectangles and
Suppose that L admits a non-trivial autotopism θ = (ε, β, β) ∈ G. Let F denote the fixed points of β and
A is a subsquare of L}. Note that A is closed under the action of G and so gcd(k!,
Corollary 7 gives the values of k ∈ N such that k divides R k and it will follow that k! divides R k,n for all composite k ≤ m. For prime k, the largest divisor proved by Theorem 1 will be (k − 1)! unless k divides R k,n−k , as it does, for example, when n = 12, k = 5. Theorem 1 is extended in Theorem 3 for the special case n ≥ 3k.
Theorem 1 provides a divisor for the number of "thin" Latin rectangles, when k ≤ m, while the next theorem provides a divisor for the number of "fat" Latin rectangles, when m < k ≤ n. Theorem 2 extends, to Latin rectangles, the techniques used in [28] to provide a factorial divisor for the number of Latin squares.
Proof. This proof follows the template in Section 2. Let G be the group of isomorphisms θ = (α, α, α) such that α fixes {1, 2, . . . , k−r}∪{k+1, k+2, . . . , n} pointwise, for some 1 ≤ r < k to be specified later. Let C be the set of reduced k × n Latin rectangles and µ = |G| = r!.
Suppose that L = (l ij ) ∈ C admits a non-trivial automorphism θ = (α, α, α) ∈ G. Let F denote the fixed points of α and let
We now consider two choices for r. Case I: r = m. This case requires k > m. If n is odd we contradict (4), so it is sufficient to choose A = ∅ in order to deduce that m! divides |C|. Now consider even n = 2m. To satisfy (4), we must have F = {1, 2, . . . , k − r} ∪ {k + 1, k + 2, . . . , n} and F * = {k − r + 1, k − r + 2, . . . , k}. Furthermore the m × m submatrix A, formed by the rows and columns indexed by F * , is a subsquare of L. We let A = {L ∈ C : A is a subsquare of L}, which is closed under the action of G.
We define the Latin rectangles equivalent to L ∈ A to be those formed by replacing A by one of the L m Latin squares on the same symbols. Since m! divides L m by (1), m! also divides |A| and hence m! divides |C| = R k,n .
Case II: Odd n = 2m + 1 and r = m + 1. This case requires k > m + 1. By (4) and since |F | + |F * | = n, we must have |F * | = m + 1 and |F | = m. Let A denote the (m + 1) × (m + 1) submatrix of L formed by the rows and columns indexed by F * , and let B denote the (m + 1) × m submatrix formed by the remainder of the cells in those rows.
The submatrix B contains only symbols in F * and therefore A contains one symbol from F * in each row. Furthermore A contains one symbol from F * in each column, otherwise there exists a column of A without a symbol from F * and therefore it contains m + 1 symbols in F , contradicting |F | = m. Let A ⊆ C be the set of Latin rectangles with submatrices A and B of this description. Note that A is closed under the action of G.
We define two Latin rectangles, L 1 , L 2 ∈ A, to be equivalent if:
• The first k − r rows are identical in L 1 and L 2 and
• For each column c the set of symbols which occur in c is the same for L 1 and L 2 .
We will now enumerate the rectangles equivalent to any given L ∈ A. Let D denote the set of entries of A with symbols in F * . We can replace A by one of K m+1 different Latin square of order m + 1 on the symbols {0} ∪ F such that the 0 entries occur in the positions in D. We then replace the 0 entries with D.
Irrespective of the previous replacements, we now can replace B by the transpose of one of the K m,m+1 = K m+1 normalised m×(m+1) Latin rectangles on the same symbols. Then we replace the symbols in D appropriately so that the set of symbols in each row is [n], which is a unique replacement. Then we permute the columns of A so that the set of symbols in each column is the same as in L, for which there is a unique permutation.
Therefore L is equivalent to K In Figure 1 we compare the results of Theorems 1 and 2 with the greatest factorial divisors of R k,n from the known data [28] . Let ψ = ψ(k, n) denote the largest integer such that ψ! divides R k,n . Theorems 1 (dark) and 2 (light) provide a lower bound on ψ. This bound is the actual value of ψ, except for the entries marked with an asterisk, where Theorem 2 only proves that (ψ − 1)! divides R k,n . We omit R 1,n = 1 and R n,n = R n,n−1 .
In [28] it is also shown that 7! divides R 13 , which is the first case when n = 2m + 1 such that m + 1 is prime and (m + 1)! divides R n . Judging from the results in Figure 1 , it would not be surprising if 9! divides R 13 , in which case Theorem 2 is well short of best possible. For 1 ≤ n ≤ 11, Theorem 1 gives the best possible factorial divisor for "thin" Latin rectangles while, for "fat" Latin rectangles, Theorem 2 is slightly deficient in some cases.
Corollary 1.
If n is composite and k > m then n divides R k,n .
Proof. Since n is composite, n = λq for some prime q ≤ m and 2 ≤ λ ≤ m. By Theorem 2, m! divides R k,n and therefore R k,n ≡ 0 (mod n) except possibly when λ = q and m < 2q. But m = q 2 /2 < 2q only if q = 2 or 3, that is when n = 4 or 9, and these cases are resolved by Figure 1 .
A complete determination of when n divides R k,n is given in Corollary 8, and R k,n (mod n) is given for all k and n in Theorem 8. Figure 1 : Prime factorisation of R k,n for 2 ≤ k < n ≤ 11 and the largest integer ψ such that ψ! divides R k,n .
Proof. When k ≤ m, Theorem 1 implies that gcd(k!, (k − 1)!R k ) divides R k,n . When k = 4, R 4 = 4 divides R 4,n and when k > 4, k divides (k − 1)!, since k is composite. When m < k ≤ n, Theorem 2 implies that k divides R k,n , except possibly when k = p 2 for some prime p such that m < 2p. But then 2p > m = n/2 ≥ p 2 /2 , which can only be satisfied in the following cases, that are resolved by Figure 1 : when k = p 2 = 4 and n ∈ {4, 5, 6, 7} and when k = p 2 = 9 and n ∈ {9, 10, 11}.
The converse of Corollary 2 is false. For example, R 5,7 = 11270400 ≡ 0 (mod 5). The following theorem extends Theorem 1 in the special case n ≥ 3k. Theorem 3. Suppose k, n ∈ N where n ≥ 2k + r for some k ≤ r < 2k. Then (k − 1)! P divides R k,n where P denotes the product of all composite numbers c such that k ≤ c ≤ r.
Proof. This proof follows the template in Section 2. Let G be the group of isotopisms of the form θ = (ε, β, β) such that β fixes [n − r] pointwise. Let C be the set of reduced k × n Latin rectangles and µ = (k − 1)! P .
Suppose that L ∈ C admits a non-trivial autotopism θ = (ε, β, β) ∈ G. Let A denote the submatrix formed by the last r columns of L. By Lemma 1, the columns of L that are not fixed by θ form a k × i subrectangle of L in A for some k ≤ i ≤ r.
For all k ≤ i ≤ r, let A i = {L ∈ C : A contains a k × i subrectangle of L} and let A = ∪ i A i . Note that each A i is closed under the action of G and so |C| ≡ |A| (mod µ). Since r < 2k the A i are disjoint and so |A| = k≤i≤r |A i |.
By construction
by (1).
Since n ≥ 2k + r ≥ 2k + i for all k ≤ i ≤ r, we get that k ≤ (n − i)/2 . Therefore by Theorem 1, (k −1)! divides R k,n−i and we know that (r −i)!(i−k)! divides (r − k)! which divides (k − 1)! since r < 2k. If i is a prime then µ divides r!/i, since k ≤ i ≤ r, and so µ divides |A i |. If i is composite, i divides R k,i by Corollary 1 since i ≤ r < 2k and therefore r! divides |A i |.
Hence µ divides |A i | for all k ≤ i ≤ r and so R k,n = |C| ≡ |A| = k≤i≤r |A i | ≡ 0 (mod µ).
Recurrence congruences
In this section we establish congruences for R k,n and K k,n modulo t for a range of t ∈ N. With the results presented in this section, we use the convention that R k,n = K k,n = 0 whenever n < k. We will also use the following notation throughout this section. Let n = b 0 + b 1 + · · · + b s be a partition of the integer n where s ≥ 1. Let t = 1≤i≤s b i and t = b 0 t. For any I ⊆ {0, 1, . . . , s}, let I denote i∈I b i . Let Q be the set of partitions of the set {0, 1, . . . s} into at least two parts. For U ∈ Q, define u 0 = u 0 (U ) to be the part of U containing 0. For any integer r ≥ 2, let gpd(r) denote the greatest prime divisor of r.
Proof. This proof follows the template in Section 2. Let C be the set of reduced k × n Latin rectangles. 
If, for each u ∈ U , the submatrix ∪ j∈u M j is a subrectangle of L, then we say L is U -decomposable and that U is a decomposition of L. For all U, V ∈ Q we write V U and U V whenever V is a refinement of U and
Let G be the group of order t generated by the isotopisms (ε,
Suppose L ∈ C admits a non-trivial autotopism θ ∈ G. Lemma 1 implies that the columns fixed by θ form a subrectangle of L and hence L ∈ A. Note that A U is closed under the action of G for all U ∈ Q and hence R k,n = |C| ≡ |A| (mod t).
The key observation is that every L ∈ A admits exactly one irreducible decomposition. Therefore {A U } U ∈Q partitions A and so
In order to count |A U |, we first count the total number of U -decomposable L ∈ A U , which is R k, u0 u∈U \{u0} K k, u and then subtract the number of L ∈ A that have some irreducible decomposition V U of L, giving
Therefore,
for some integer coefficients, c |U | . It is not immediately obvious that the required coefficients depend only on the size of the partition, but the decision to write c |U | rather than c U will be justified by the next calculation.
We will now show, by induction on |U |, that c |U | = (−1) (7) and (8) . Now assume c |V | = (−1) |V | (|V | − 1)! for all V U . By (7),
where S(·, ·) denotes the Stirling number of the second kind. We use the wellknown identity
It is possible to provide a similar proof for normalised k × n Latin rectangles. Since the proof is analogous, it is omitted. Theorem 5.
Theorems 4 and 5 provide numerous interesting corollaries, which we will now present.
Corollary 3. Suppose p is prime and n
Proof. When n < p, R k,n+d and K k,n are both divisible by p n/p = 1, so assume n ≥ p and hence a := n/p ≥ 1. Choose b 0 = n − sp and b 1 = b 2 = · · · = b s = p where s = a − 1 if p divides n and s = a otherwise. By Theorem 5 and induction on n, K k,n ≡ 0 (mod p a ). Similarly, R k,n+d ≡ 0 (mod p a ) follows from Theorem 4, if we instead use b 0 = n + d − ap ≥ k.
Corollary 3 implies that for any prime p < k the largest x ∈ N such that p x divides R k,n increases at least linearly with n.
if n is prime then K k,n = 0 and hence R k,n+d ≡ 0 (mod n). So assume n is composite. If p x divides n, for some x ∈ N and prime p, then p n/p divides K k,n and R k,n+d , by Corollary 3. However, n/p ≥ p x−1 ≥ x if x ≥ 2 and n/p ≥ x if x = 1, hence p x divides p n/p which in turn divides K k,n and R k,n+d . The result follows since p x was an arbitrary prime power divisor of n.
A complete determination of when n divides R k,n is given later, in Corollary 8.
Proof. The result follows from Theorems 4 and 5 by induction on s. Note that if s = 1 then R k,n ≡ R k,b0 K k,b1 ≡ 0 (mod t) and K k,n ≡ K k,b0 K k,b1 ≡ 0 (mod t ), using Corollary 4. In Figure 2 , we choose the subsequence (b i ) s i=1 to be a single prime repeated s times. See Figure 1 for the values of R k,n for 1 ≤ n ≤ 11. Recall that
In the case of powers of 5 dividing R 6,20 , we can actually prove a larger divisor by using Theorem 5 rather than 3 ). Together with Figure 2 , this establishes that R 6,20 ≡ 308448000 (mod 1297296000) and also that R 6,20 ≡ 47R 6,13 (mod 7
2 ), where R 6,13 (mod 7
2 ) is currently unknown.
Congruence for R 6,20 (6, 2, 2, 2, 2, 2, 2, 2) 0 (mod 2 7 ) (8, 3, 3, 3, 3) 0 (mod 3 4 ) (10, 5, 5) 0 (mod 5 2 ) (13, 7) R 6,13 K 6,7 ≡ R 6,6 K 2 6,7 ≡ 0 (mod 7) (6, 7, 7) R 6,6 K 6,14 + 2R 6,13 K 6,7 − 2R 6,6 K 2 6,7 ≡ 47R 6,13 (mod 7 2 ) (9, 11) R 6,9 K 6,11 ≡ 3 (mod 11) (7, 13) R 6,7 K 6,13 ≡ 3R 6,13 ≡ 3 (mod 13) An interesting property of Corollary 5 is that, for a given n, it provides an increasing prime power divisor of R k,n with decreasing k. For example, it implies that R 7,11 ≡ R 6,11 ≡ 0 (mod 2 2 ), R 5,11 ≡ R 4,11 ≡ 0 (mod 2 3 ) and R 3,11 ≡ 0 (mod 2 4 ). From Figure 1 , it appears that the largest power of 2 dividing R k,n generally increases with k, although R 6,10 is an exception. The powers of 2 in Figure 1 are surprisingly large and their great size remains mostly unexplained.
The following is a special case of Theorem 4, using (1).
Upon inspection of Figure 1 we see that R 3,n is indivisible by 3 for 3 ≤ n < 6 and indivisible by 5 for 3 ≤ n < 8. Therefore Corollary 6 implies that 3 and 5 do not divide R 3,n for any n ≥ 3. In this way, Corollary 6 can be used to discover indivisibility properties of R k,n . In the next section we will see that Corollary 6 generalises earlier results by Riordan and Carlitz.
Modulo n
We turn our attention to the value of R k,n (mod n), which is listed in Figure 3 for small values of k and n. For n ≤ 11 the values of R k,n have been explicitly calculated [28] , while R k,n for k ≤ 3 can be enumerated by (2) Our first theorem for this section shows that the k = 3 case of Corollary 6 includes the congruences due to Riordan [35] and Carlitz [5] mentioned in the introduction.
Theorem 6.
• For n ≥ 2, R 2,n ≡ (−1) n+1 (mod n) and R 2,n is odd.
• For n ≥ 3, R 3,n ≡ 2 n−1 (mod n) and R 3,n ≡ 2 n−1 (1 − n − n 2 ) (mod 3).
Euler [12] proved the recurrence D n = (n−1)(D n−1 +D n−2 ) with D 1 = 0 and D 2 = 1. Therefore D n ≡ 0 (mod 2) for odd n and, by induction, D n ≡ 1 (mod 2) for even n.
The summands in (3) are integer multiples of n except possibly when n−2 ≤ k ≤ n, which is when (i, j, k) ∈ (0, 0, n), (1, 0, n − 1), (0, 1, n − 1), (2, 0, n − 2), (1, 1, n − 2), (0, 2, n − 2) . Hence
The summands in (3) are integer multiples of 3 except possibly when n−2 ≤ k ≤ n or (i, j, k) ∈ {(0, 3, n−3), (1, 3, n−4)}. Similarly to the modulo n case, this yields R 3,n ≡ 2 n−1 −2 n−3 10n−2 n−4 56n(n−3) ≡ 2 n−1 (1−n−n 2 ) (mod 3).
We now make an interesting observation, that will lead to the evaluation of R k,p (mod p) for all primes p, in Theorem 7.
Lemma 2. Let p be a prime, and let Z k,p denote the number of reduced k × p Latin rectangles that are isotopic to a subrectangle of Z p , the addition table for integers modulo p. Then Z k,p = (p − 2)! when 1 < k ≤ p.
Proof. Each reduced 2 × p Latin rectangle, L, can be interpreted as a permutation σ L in 2-row format. It is easy to show that L is isotopic to a subrectangle of Z p if and only if σ L is a p-cycle. There are (p − 2)! different p-cycles that map 1 to 2, therefore Z 2,p = (p − 2)!.
Let Aut(Z p ) be the autotopism group of the Cayley table of Z p . The autotopism group of the Cayley table of a finite group is described by, for example, Bailey [3] . As a corollary |Aut(Z p )| = p 2 (p − 1) and so
Each reduced k ×p Latin rectangle isotopic to a subrectangle of Z p can easily be extended to a (k + 1) × p such rectangle. Hence Proof. It will be assumed that k > 1 since R 1,p = 1. Let G be the group of isotopisms generated by (ε, β, β) where β = (12 · · · p). Our proof follows the basic template in Section 2, except that G acts on the set of normalised k × p Latin rectangles, while we choose C to be the set of reduced k × p Latin rectangles.
For any isotopy class I, let Norm(I) be the number of normalised Latin rectangles in I and let Red(I) be the number of reduced Latin rectangles in I. Then Norm(I) = (p − 1)! · Red(I)/(p − k)!. If every normalised L ∈ I does not admit a non-trivial autotopism in G then p divides Norm(I) and so p also divides Red(I). So choose A to be the set of reduced k × p Latin rectangles that are isotopic to a Latin rectangle that admits a non-trivial autotopism in G. Hence R k,p = |C| ≡ |A| (mod p).
If a Latin rectangle L admits a non-trivial autotopism in G, then (ε, β, β) is an autotopism of L, since p is a prime. Therefore, in each row of L the symbols occur in cyclic order, so L is isotopic to a subrectangle of Z p . So A is precisely the set of reduced k × p Latin rectangles that are isotopic to a subrectangle of Z p . By Lemma 2 and Wilson's Theorem |A| = Z k,p = (p − 2)! ≡ 1 (mod p).
Theorem 7 and Corollary 6 imply that R k,n+p ≡ (−1) k−1 (k−1)!R k,n (mod p) for prime p ≥ k. Together Theorem 7 and Corollary 1 show the surprising fact that R n (mod n) is an indicator variable for primality of n.
Corollary 7. R n ≡ 0 (mod n) for composite n and R n ≡ 1 (mod n) for prime n.
Concluding remarks
We have established the exact value of R k,n (mod n) in Theorem 8. It would also be interesting to find a formula for R k,n (mod k). We know this value when k is composite, by Corollary 2, and for k ≤ 3 by Theorem 6.
The comment following Corollary 7 implies that R k,n ≡ (−1) k−1 (k − 1)! n−1 p k (n) (mod k) for some polynomial p k , which has degree at most k − 1.
The polynomial p k (n) can be determined by Lagrange interpolation from the values of R k,n (mod k) for k ≤ n < 2k. For example, Figure 1 tells us that p 5 (n) = 1 − n 2 − 2n 3 − n 4 (mod 5).
